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ABSTRACT 
The dynamic response of a droplet vaporization process excited by 
t r ave l ing  t ransverse  acoust ic  o sc i l l a t ions  i s  derived by l i n e a r  analysis .  
Resul ts  of a previous nonlinear numerical study used t o  formulate t h e  
a n a l y t i c a l  model a r e  reviewed, and a t r a n s f e r  funct ion representa t ive  of 
t h e  dynamics of t h e  vaporization process i s  derived. 
dimensionless parameters re la ted  t o  propellant physical  p roper t ies  t h a t  
charac te r ize  t h e  dynamic behavior of t h e  vaporizat ion process. 
t i o n  i s  made t o  t h e  vaporization of heptane, oxygen, f l u i r i n e ,  ammonia, 
and b d r a z i n e .  The dynamic response of these  propel lants  a t t a i n s  a peak 
value a t  a p a r t i c u l a r  frequency. A comparison i s  made with a burning-rate 
process described by a charac te r i s t ic  time and an in t e rac t ion  index giving 
similar behavior. 




Acoustic mode i n s t a b i l i t y  i n  a rocket engine combustor occurs when 
t h e  combustion energy i s  released i n  a manner t h a t  re inforces  t h e  acoust ic  
o sc i l l a t ions .  Various combustion processes t h a t  can limit o r  cont ro l  
energy re lease  (chemical k ine t i c s ,  drop burning, vaporization, j e t  breakup, 
drop sha t te r ing ,  e t c . )  have been suggested as responsible  f o r  acoust ic  
reinforcement. Many of these  processes have been s tud ied  i n  a va r i e ty  
of inves t iga t ions .  For example, the dynamic behavior of several  ind i -  
vidual  processes i s  reported i n  Refs. 1, 2, and 3, and process behavior 
measured i n  terms of combustor s t a b i l i t y  i s  given i n  Refs. 4, 5, and 6 .  
Such s tud ie s  have i so l a t ed  spec i f i c  problem areas  i n  rocket engine in s t a -  
b i l i t y  requir ing addi t iona l  study. 
Propellant vaporization i s  a process of p a r t i c u l a r  i n t e r e s t .  R e f .  4 
shows t h a t  va r i a t ions  i n  vaporization r a t e  can s ign i f i can t ly  a f f e c t  
combustor s t a b i l i t y .  The vaporization process alone was studied more 
thoroughly i n  R e f .  7 i n  which t h e  dynamic behavior of t h e  process was 
obtained from a nonlinear numerical ana lys i s  by using a model t h a t  p red ic t s  
t h e  vaporizat ion rate during t h e  en t i re  drop l ifetime. Under c e r t a i n  
conditions,  t h e  process exhibited dynamic behavior t h a t  may cause com- 
bus to r  i n s t a b i l i t y .  Such dynamic behavior w a s  r e l a t ed  t o  boundary con- 
d i t i o n s  cont ro l l ing  t h e  vaporization process of heptane drops. 
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The nonlinear numerical analysis  of Ref. 4 motivated t h e  development 
of a l inear  dynamic ana lys i s  based on a s implif ied model f o r  vaporizat ion 
t h a t  gives  t h e  same dynamic behavior observed i n  R e f .  7. 
of t h e  l i n e a r  ana lys i s  i s  t h a t  it provides dimensionless parameters rela- 
ted  t o  propel lant  proper t ies  t h a t  may be used t o  charac te r ize  and examine 
the  dynamic behavior of t h e  vaporization process f o r  any propel lan t .  
The advantage 
I n  t h i s  paper t h e  r e s u l t s  of the nonlinear numerical ana lys i s  of 
R e f .  7 are reviewed, and t h e  l inear analysis  i s  presented and discussed. 
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b 










nozzle t h r o a t  area, i n . 2  
acoust ic  ve loc i ty  at nozzle th roa t ,  i n .  /s 
vapor pressure - l iquid temperature coe f f i c i en t ,  ~i /~i ,  
constants  
spec i f i c  heat  of l iqu id ,  Btu/(lb) (%) 
molecular d i f fus ion  coef f ic ien t ,  i n .  2/s 
frequency, cps 
g rav i t a t iona l  constant, 3 2 . 2  (lb m a s s )  ( f t )  /(lb force)  ( s2) 
thermal conductivity, Nu/ (  in .  ) (s) (%) 
mass of propel lant  being vaporized, lb 
molecular weight , lb mass/( 1%) (mole) 



















T t  
t 
Nusselt number f o r  heat t r a n s f e r  
Nusselt number f o r  mass t r a n s f e r  
i n t e rac t ion  index 
pres  sure, lb/ in .  2 
combustion chamber pressure, lb/in.  2 
vapor pressure a t  propel lant  surface,  lb/ in .  
Prandt l  number 
heat t r a n s f e r  ra te ,  a r b i t r a r y  u n i t s  
heat  t r a n s f e r  t o  propellant,  Btu/s 
heat t r a n s f e r  fram propellant surface, Wu/s 
universal  gas constant, 18 510 in.  -lb/(OF) ( lb )  (mole) 
i n i t i a l  drop radius, p 
Reynolds number 
instantaneous drop radius, in .  
Schmidt number 
Laplace transform, d / d t  
temperature of vapor f i l m ,  OR 
combustion gas temperature, OR 
temperature of propellant,  OR 




t, period of osc i l la t ion ,  l / f ,  s 
c t50 time t o  vaporize 50$ of drop mass, s 
UF 
v volume, a r b i t r a r y  uni t s  
w vaporization ra te ,  lb/s 
W t  
Z cor rec t ion  f a c t o r  fop heat t r a n s f e r  
U correc t ion  f a c t o r  f o r  mass t r a n s f e r  
P 
f i n a l  combustion gas veloci ty ,  f t / s  
nozzle mass f low rate,  I ~ / S  
vapor pressure - combustion chamber pressure parameter, 
dimensionless 
r r a t i o  of spec i f i c  heats 
P t  
h 
7 c h a r a c t e r i s t i c  time, s 
TV 
e phase s h i f t ,  deg 
w frequency, rad/s 
A l l  primed quan t i t i e s  denote per turbat ion quan t i t i e s  (i. e., x' = ( x  - T) /% ) 
and a l l  barred quan t i t i e s  denote mean values 
gas densi ty  a t  nozzle th roa t ,  l b / in .3  
l a t e n t  heat of vaporization, Btu/lb 
mean drop l i fe t ime,  nb, s - 
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RESPONSE FACTOR 
A response f a c t o r  can be defined t h a t  i s  one measure of t h e  magni- 
tude by which t h e  combustion process can re inforce  an acoust ic  o s c i l l a -  
t i on .  Such a response f a c t o r  was introduced i n  t h e  numerical ana lys i s  
of Ref. 7 and will be used i n  t h i s  study t o  evaluate t h e  dynamic behavior 
of t h e  vaporization process. 
Rayleigh c r i t e r i o n  f o r  acoust ic  amplification by heat o r  mass addi t ion.  
This response f a c t o r  i s  based on t h e  
The Rayleigh c r i t e r i o n  s t a t e s  t h a t  reinforcement or  amplif icat ion Occurs 
when an excess of heat o r  mass i s  added while t h e  pressure i s  g rea t e r  
than t h e  mean value. The response fac tor  i s  defined as t h e  i n t e g r a l  
value of such excess heat  o r  mass addition over a given period of time 
i n  a f i n i t e  volume normalized by the magnitude of t he  pressure perturba- 
t i on .  It i s  an e f f e c t i v e  gain o r  amplification f a c t o r  and i s  expressed 
f o r  per turba t ions  about a mean value by t h e  following r e l a t i o n  
q ' ( t , V) P ( t , V) dV d t  J"s 
= s t [ v [ P ' ( t , V g 2  dV d t  
where q '  i s  t h e  f r a c t i o n a l  heat or m a s s  per turbat ion,  
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and P' i s  t h e  f r a c t i o n a l  pressure per turbat ion 
When both q '  and P' o s c i l l a t e  with the  same pe r iod ic i ty  and are 
uniform over a f i n i t e  volume, t h e  response f a c t o r  i s  usual ly  expressed 
f o r  one period of o s c i l l a t i o n  as follows: 
4" q ' ( t ) P ' ( t ) d t  
N =  
For s inusoidal  o sc i l l a t ions  i n  pressure,  any heat r e l ease  o r  mass 
flow process l i n e a r l y  r e l a t ed  t o  pressure gives the following value of 
t h e  in t eg ra l :  
where 
and 
P ' ( t )  = pAaX s i n  ut 
q * ( t )  = SA, s i n  (ut + e) 
I n  analyses of propel lant  vaporization, t h e  hea t  re lease  r a t e  q'  
i s  general ly  assumed synonymous w i t h  t h e  mass r e l ease  rate 
assumed i n  t h e  nonlinear ana lys i s  of Ref. 7. Also, an average value for 
w'. This was 
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t h e  f r a c t i o n a l  per turba t ion  i n  mass-release rate over a f i n i t e  volume 
was determined by numerical integrat ion7.  For these  evaluations,  w' 
varies nonlinearly with s inusoidal  o sc i l l a t ions  i n  pressure.  The response 
f a c t o r  as defined by Eq. (2), however, was approximated by numerical 
techniques over one period of t h e  pressure o s c i l l a t i o n  by t h e  i n t e g r a l  
This i n t e g r a l  gave nearly iden t i ca l  values of  N t o  t h a t  of Eq. (2 )  
f o r  t h e  per iodic  o s c i l l a t i o n s  i n  w' observed i n  R e f .  7. Eqs. (2 )  and (4)  
give exact ly  i d e n t i c a l  values of N only f o r  l i n e a r  behavior. 
Numerical values of t h e  response f a c t o r  within t h e  range of -1 t o  1 
were obtained i n  R e f .  7. Negative values ind ica t e  t h a t  excess heat i s  
added when the  pressure i s  less than t h e  mean pressure ( p o t e n t i a l  damping 
of acoust ic  o s c i l l a t i o n s ) ,  and pos i t ive  values ind ica t e  t h a t  heat  i s  
added a t  pressures  above the  mean pressure (po ten t i a l  dr iving of acoust ic  
o s c i l l a t i o n s ) .  
Some signif icance can be placed on ac tua l  numerical values of t he  
response f a c t o r  i f  t h e  acoust ic  system i s  assumed t o  cons is t  only of a 
heat o r  m a s s  addi t ion  from vaporization (a  p o t e n t i a l  acoust ic  gain) and 
a mass l o s s  through an exhaust nozzle (a p o t e n t i a l  acoust ic  loss). If 
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quasi-steady behavior i s  assumed, the combustor pressure and flow pertur-  
bat ions i n  a c r i t i c a l  flow nozzle are i n  phase. The magnitude of these  
per turbat ions f o r  ad iaba t ic  f low can be derived from 
w e h a t  where at = -,/- giving 
If mass flow perturbat ions i n  t h e  nozzle a r e  considered analogous t o  heat 
o r  mass flow perturbat ions i n  the  chamber, then f o r  s inusoidal  o s c i l l a t i o n s  
i n  pressure,  t h e  response f ac to r  as given by Eq. (3) i s  
I n  a simple feedback loop corresponding t o  the  assumed two-process 
system, t h e  sum of such a negative nozzle response f a c t o r  and the  response 
f a c t o r  of t h e  vaporization process ind ica tes  whether an excess of mass i s  
added when t h e  pressure i s  higher or lower than the  mean pressure,  and 
thus,  whether acoust ic  o sc i l l a t ions  w i l l  decay o r  grow according t o  t h e  
Rayleigh c r i t e r ion .  
The numerical r e s u l t  from t h i s  ana lys i s  of nozzle flow process 
suggests t h a t  t h e  response f a c t o r  f o r  t h e  vaporization process must 
exceed 0.912 t o  cause combustion i n s t a b i l i t y .  The exact dynamic behavior 
of nozzle flow and t h e  magnitude of other  acoust ic  l o s ses  and gains i n  
rocket combustors i s  debatable and, therefore ,  a prec ise  c r i t e r i o n  f o r  
9 
. 
s t a b i l i t y  cannot be established. I n  t h i s  study, therefore ,  a t t en t ion  
will be confined t o  how t h e  vaporization response f a c t o r  v a r i e s  with 
propel lant  proper t ies  and combustor operating conditions.  
NUMERICAL ANALYSIS 
The response f ac to r  as a function of o sc i l l a to ry  frequency was 
evaluated i n  t h e  numerical ana lys i s  of Ref. 7 f o r  a representa t ive  vapor- 
i z a t i o n  process and a spec i f i c  acoustic mode of resonance. Calculations 
were made f o r  n-heptane drops vaporizing i n  a cy l ind r i ca l  combustor con- 
t a i  n i  ng heptane- oxygen combust i on product s. 
temperature o s c i l l a t i o n s  associated with t h e  f irst  t r ave l ing  t ransverse  
acous t ic  mode were superimposed on the  normal combustion flow process. 
Drops of constant s i z e  were r epe t i t i ve ly  in jec ted  from pos i t ions  uniformly 
d i s t r ibu ted  across  t h e  i n j e c t o r  face. The drop vaporizat ion theory 
developed i n  Ref. 8 was used. I n  these calculat ions,  t h e  acoust ic  o sc i l -  
l a t i o n s  affected t h e  heat  and mass t r a n s f e r  processes and the  drop accel-  
e ra t ion ,  which gave three-dimensional ve loc i ty  components t o  t h e  drops 
and caused per turbat ions i n  drop  temperature and vaporization r a t e .  
Pres sure, ve loc i ty  , and 
The per turba t ion  i n  vaporization rate a t  a given angular and radial 
pos i t i on  i n  which the  pressure was uniform a t  an i n s t a n t  of time along 
t h e  a x i s  of t h e  chamber was obtained from a summation of t h e  vaporizat ion 
r a t e s  of individual  drops. A typical  p l o t  of t he  vaporizat ion r a t e  per- 
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t u rba t ion  f o r  times covering one complete pressure o s c i l l a t i o n  i s  shown 
i n  Fig. 1. Eq. (4)  w a s  used t o  evaluate t h e  response f a c t o r  f o r  each 
angular and r a d i a l  pos i t ion .  
was taken as t h e  average value of the response f a c t o r  f o r  a l l  angular 
and radial posi t ions.  
The response f ac to r  f o r  t h e  e n t i r e  chamber 
These ca lcu la t ions  were made f o r  a range of o sc i l l a to ry  frequencies 
and f o r  a va r i e ty  of boundary conditions a f f ec t ing  drop vaporizat ion 
including va r i a t ions  i n  combustor pressure, f i n a l  combustion gas veloci ty ,  
drop rad iug  i n i t i a l  drop temperature and veloci ty ,  and the  amplitude of 
t h e  pressure perturbation. 
these  boundary conditions were correlated by a frequency parameter as 
shown i n  Fig. 2. 
w a s  obtained from a co r re l a t ion  based on drop l i fe t ime.  
given i n  Fig. 3, which shows response f a c t o r  as a funct ion of a dimension- 
less t ime equal t o  t h e  r a t i o  of t h e  drop ha l f - l i fe t ime ( t i m e  t o  vaporize 
one-half t h e  droplet  mass) t o  the  period of t h e  osc i l l a t ion .  
f a c t o r s  shown i n  Figs. 2 and 3 a r e  l a rge r  than those reported7. 
values have been recalculated and represent t h e  average values of t h e  
response f a c t o r s  based on t h e  l o c a l  pressure i n  each volume r a t h e r  than 
t h e  w a l l  pressure  used i n  Ref. 7. 
The frequency response curves calculated f o r  
An equally good s ingle  curve representat ion of r e s u l t s  




Figures 2 and 3 show the characteristic response of the vaporization 
process fdr heptane. For fixed boundary conditions, the response factor 
is a maximum at a specific frequency (corresponding to a dimensionless 
time of about 0.4). 
frequency and a constant negative value at higher frequencies. 
sition to negative response occurs at a dimensionless time of about 1.4. 
From these response characteristics, the vaporization conditions conducive 
to driving and damping of acoustic oscillations can be readily established. 
It should be noted, however, that the maximum response factor (about 0.8) 
is less than the nozzle loss  (about 0.912) previously calculated for 
simple dynamic behavior of exhaust flow. 
The response factor approaches zero at a lower 
The tran- 
The factors responsible for this behavior of the vaporization process 
are of fundamental interest. A description of the contributing factors 
was given in Ref. 7. Parameter groupings that can characterize specific 
behavior, however, are not readily deduced from numerical analysis. Such 
groupings could be readily evaluated if linear dynamic analysis were 
applicable to the problem being studied. 
The primary restriction on linear analysis is the dependency of the 
vaporization process on the absolute velocity difference between the drop 
and the combustion gases. 
high and low pressures during the oscillation. For this reason, velocity 
Acoustic particle velocity is a maximum at both 
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di f fe rence  and vaporization r a t e  a t t a i n  maximum values a t  conditions near 
both maximum and min imum pressure and cause the  nonlinear behavior of 
vaporizat ion rate shown i n  Fig. 1. 
i n  vaporizat ion rate showed t h a t  the ve loc i ty  d i f fe rence  contr ibut ion t o  
t h e  vaporizat ion rate a t  high and low pressure were near ly  equal and thus  
cancelled e f f e c t s  with regard t o  response f a c t o r  evaluations.  
approximation, therefore ,  t h e  velocity d i f fe rence  e f f e c t s  on vaporizat ion 
rate can be ignored. With this assumption, a l i n e a r i z a t i o n  of t h e  vapor- 
i z a t i o n  equations i s  possible.  
dynamic ana lys i s  of a s implif ied vaporization process t h a t  i s  i n s e n s i t i v e  
t o  per turbat ions i n  gas veloci ty .  
An ana lys i s  of t h e  per turba t ion  curves 
A s  an 
The following sec t ion  presents  a l i n e a r  
LINEAR AXALYSIS 
A t r a n s f e r  funct ion t h a t  characterizes t h e  dynamic behavior of t h e  
vaporizat ion process of various propel lants  will be derived by l i n e a r  
ana lys i s  of a simplified vaporization model. 
Vaporization Model 
Analyt ical  r e l a t i o n s  f o r  a vaporizing drop presented i n  R e f .  8 w i l l  
be  used t o  develop l i n e a r  equations f o r  per turba t ions  i n  t h e  vaporizat ion 
process of a s ing le  drop. 
i n  an a r ray  of drops of decreasing s i z e  down a combustion chamber. 












Nu, = 2 + 0.6 ( SC)’ /~ (R~) ’ /~  
and 
For this analysis ,  N% i s  assumed proport ional  t o  (rPc)’/‘, D i s  
proport ional  t o  P; 1 , and M i s  proportional t o  r3, so  t h a t  
and 
W ’  = 1 / 2  M’ + PPi - ( p  - 1/2)P& 
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where 
Vapor pres  sure : 
c3 
TL - c4 I n  PL = C2 - 
P i  = bTfi 
where 
Drop temperature: 
dTL 1 - = -  
d t  c p  
If t h e  va r i a t ions  i n  spec i f i c  
t u rba t ions  a r e  assumed negl igible ,  
where 




Heat t r a n s f e r  t o  drop: 
q in  = zSrk?klhr(Tb - TL)Z 
where 
NUh = 2 + 0.6 (Pr)1/3(Re)1/2 (9b) 
If t h e  temperature difference (Tg - TL)  and t h e  cor rec t ion  f a c t o r  
f o r  simultaneous heat and mass transfer Z a r e  constant, and Nun is 
proport ional  t o  (rPc)1’2, and M i s  proport ional  t o  r3, then 
qin - CgM1/2$/2 ( 9 4  
and 
sin = 1 / 2  M’ + 1 / 2  PA ( 9 4  
Heat t r a n s f e r  from drop: 
If va r i a t ions  i n  the  
per turbat ions a r e  assumed 
q,,t = hw ( 10a) 
heat of vaporization h with drop temperature 
negligible,  
s&t = w’ ( lob)  
The model expressed by the  l i n e a r  equations may be described as 
- 
follows. A drop with a mass M and a mean l i f e t i m e  T~ i s  being 
vaporized, 
value because t h e  vaporization ra te ,  which represents  m a s s  leaving t h e  
drop, i s  varying about a steady-state l eve l .  
za t ion  r a t e  depend on t h e  m a s s  of the drop and on t h e  difference between 
The mass of t h e  drop i s  per turba t ing  about a s teady-state  
The va r i a t ions  i n  vapori- 
16 
' . 
t h e  vapor pressure a t  the  drop surface and the  combustor pressure.  The 
drop temperature determines t h e  vapor pressure with t h e  temperature 
es tab l i shed  i n  a hea t  reservoi r .  The heat t o  the reservoi r  depends on 
t h e  combustor pressure and on t h e  mass of t h e  drop o r  mass i n  the  r e se rvo i r .  
Heat leaving t h e  drop o r  reservoi r  i s  contained i n  t h e  vaporizing propel lant .  
Transfer Function 
The l i n e a r  Eqs. ( (5b), (6e) ,  (7b), (8b),  (9d) and (lob)) can be 
combined by t h e  use of t he  transform s = d/dt t o  give t h e  following 
t r a n s f e r  funct ion involving t h e  var iables  w'  and PA 
1 / 2  
2TvW 
k - - m a x  = 1/2 c1 + (2+)zJ 1 / 2  
This t r a n s f e r  funct ion expresses t h e  dynamic r e l a t i o n  between w '  
and P:. 
when 
from such so lu t ions  a r e  
Solutions of t h e  form w ' ( t )  = wAax s i n  (ut + e )  can be obtained 




The response f a c t o r  defined by these  so lu t ions  i s  given by t h e  
previously defined r e l a t ion ,  Eq. (3), 
Propellant Evaluations 
An evaluat ion of t he  response f a c t o r  N f o r  a heptane drop i s  shown 
- 
i n  Fig. 4 as a function of t h e  dimensionless time parameter 
Response f a c t o r s  f o r  oxygen, f lubrine,  ammonia, and hydrazine toge ther  
with t h a t  f o r  heptane a re  given i n  Fig. 5. 
t h e  evaluat ions a re  given i n  t a b l e  I. 
equilibrium drop temperature condition a t t a ined  during steady vaporizat ion 
a t  a combustor pressure of 300 p s i  as given i n  Ref. 8. 
t h e  e f f e c t s  of physical  p roper t ies  on response, Fig. 6 shows t h e  nonlinear 
evaluat ion of 
i n  R e f .  7. 
zVw. 
Physical p roper t ies  used f o r  
The l i s t e d  proper t ies  a r e  f o r  t h e  
For comparison of 
N for t h e  one condition of oxygen vaporization considered 
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DISCUSSION 
The response curve of heptane vaporization obtained by l i n e a r  anal-  
y s i s  (Fig.  4) has cha rac t e r i s t i c  propert ies  similar t o  t h a t  obtained by 
numerical ana lys i s  (Fig. 3). Differences i n  t h e  response curves a r e  
pr imari ly  confined t o  t h e  region of peak response. 
assumes t h a t  vaporization i s  i n i t i a t e d  a t  an equilibrium drop temperature. 
A numerical evaluat ion i n  Ref .  7 for  drops introduced a t  t h e i r  equilibrium 
temperature gave a peak value of N equal t o  0.42, which i s  t h e  value 
obtained by l i n e a r  analysis .  The 80O0 R i n i t i a l  drop temperature ca l -  
cu la t ion  shown i n  Fig. 3 a l s o  gives comparable values .  
drop from an i n i t i a l  i n j ec t ion  temperature apparently introduces nonlin- 
e a r i t y  t h a t  increases  the  peak value of t h e  response fac tor .  
The l inear  ana lys i s  
Heating of t h e  
. 
A comparison of t i m e  bases f o r  the  response curves obtained by 
l i n e a r  ana lys i s  of a s ing le  drop and by nonlinear ana lys i s  of a complete 
a r r ay  of drops down t h e  chamber shows t h a t  
by a f a c t o r  of about 4.5 than T~ for t h e  s ing le  drop. Since t50 i s  
t h e  ha l f - l i f e t ime  of t h e  l a rges t  o r  i n i t i a l  drop i n  t h e  array,  t h i s  means 
t h a t  t h e  e f f ec t ive  mean drop size of an a r ray  of drops i s  s ign i f i can t ly  
less than  t h e  l a rges t  or i n i t i a l  drop. 
drop and t h e  e f f e c t i v e  mean drop depends on t h e  d i s t r i b u t i o n  of drop 
s i z e s  i n  t h e  array.  When Eqs. (5a) and (6d) a r e  used t o  specify time 
t50 f o r  t h i s  a r ray  i s  l a r g e r  
- 
The r e l a t i o n  between t h e  l a r g e s t  
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h i s t o r i e s ,  however, an e f f ec t ive  mean drop size of about one-fourth t h e  
i n i t i a l  drop s i z e  i s  obtained. Beyond t h i s  l imi t a t ion  of specifying an 
e f f e c t i v e  drop s ize ,  t h e  l i n e a r  analysis  adequately descr ibes  t h e  dimen- 
s ion le s s  t i m e s  a t  which peak, zero, and negative response a r e  obtained. 
These times a r e  character ized by the parameter groupings appearing i n  
t h e  l i n e a r l y  derived t r a n s f e r  function, Eq. (11). Fig. 7 d i sp lays  t h e  
contr ibut ion t o  t h e  ove ra l l  response of heptane vaporization t o  these  
parameter groupings. 
The term 2Tvs/(1 + 2Yvs) character izes  t h e  dynamics r e l a t e d  t o  t h e  
quant i ty  of propel lant  being vaporized. 
low frequencies or s m a l l  vaporization t i m e s .  I n  t h i s  region, t h e  quant i ty  
of propel lan t  i n  t h e  chamber var ies  inversely with the  vaporization r a t e .  
I n  t h e  extreme condition of zero dimensionless t i m e ,  t h e  propel lant  
vaporizes as rap id ly  as it i s  introduced, and t h e  response f a c t o r  i s  
zero. 
quant i ty  of propel lant  being vaporized become small and do not r e s t r i c t  
t h e  vaporizat ion rate. 
It es t ab l i shes  the  response a t  
A t  frequencies equal t o  1/2Yv and grea te r ,  the  va r i a t ions  i n  t h e  
- - -  
The parameter character izes  t h e  dynamics of heat  s torage 
wi th in  t h e  propel lant .  A frequency equal t o  l/(:p!?L?v/xpb) e s s e n t i a l l y  
separates  regions of o s c i l l a t i n g  and constant drop temperature. A t  lower 
f requencies  t h e  drop temperature osc i l l a t ions  approach an equilibrium 
2 0  
. .  
condi t ion with the  o s c i l l a t i n g  environment. A t  h igher  frequencies,  t h e  
temperature o s c i l l a t i o n s  a r e  reduced and eventual ly  drop temperature and 
vapor pressure remain constant.  
A condition of constant vapor pressure gives t h e  inverse e f f e c t  of 
pressure o s c i l l a t i o n s  on vaporization rate from t h a t  obtained when vapor 
pressure i s  i n  equilibrium with t h e  environment. Eq. (6e) expresses 
t h i s  cha rac t e r i s t i c .  
c i e s ) ,  an increase i n  combustor pressure increases  the  heat t r a n s f e r  t o  
t h e  drop, and t h e  vapor pressure and t h e  vaporization r a t e  give a pos i t i ve  
response fac tor .  
quencies),  an increase  i n  combustor pressure suppresses vaporization 
r a t e ,  and a decrease i n  pressure accelerates  t h e  rate, a condition cm- 
parable  t o  f l a s h  vaporization. This process gives  a negative response. 
The parameter (1 - 2p) (TpT~yvnpb) character izes  t h e  dynamics of these  
two i n t e r a c t i n g  e f f e c t s  on vaporization rate. The values of j3 f o r  t h e  
propel lan ts  evaluated i n  t h i s  study a r e  g rea t e r  than unity.  
conditions,  t h e  t r a n s i t i o n  from a vapor pressure t o  a combustion pressure 
cont ro l led  process occurs a t  a frequency t h a t  i s  lower by t h e  f a c t o r  
1/(2p - 1) than the  frequency characterizing t h e  drop temperature behavior. 
These parameters, which characterize t h e  dynamics of t h e  vaporizat ion 
With equilibrium conditions (general ly  l o w  frequen- 
When vapor pressure i s  constant (general ly  high fre- 
Under such 
process, are a funct ion of propellant physical  p roper t ies .  From a knowl- 
21 
c 
edge of such propert ies ,  t h e  dynamic response of var ious propel lan ts  can 
be estimated or computed. Oxygen vaporization (Fig.  5) i s  one example. 
The region of pos i t i ve  response i s  broader, and t h e  response f a c t o r  
a t t a i n s  a l a r g e r  value than f o r  heptane. 
although incomplete, implies a s imilar  behavior. 
The numerical evaluat ion (Fig.  6) ,  
Oxygen proper t ies  d i f f e r  from those of heptane i n  severa l  ways, 
however, t h e  change i n  p (1 .36 for heptane; 4.143 f o r  oxygen) i s  t h e  
predominant f a c t o r  causing a difference i n  response. 
f o r  oxygen i s  la rge  because t h e  equilibrium vapor pressure f o r  oxygen i s  
a l a r g e r  f r a c t i o n  of t h e  combustor pressure than  f o r  heptane. 
i s  large,  t h e  dimensionless time character iz ing a constant vapor pressure 
increases .  This phenomena increases  and broadens the  region of pos i t i ve  
response. A l a rge  p a l s o  increases t h e  per turba t ion  i n  vaporization 
r a t e  when vapor pressure i s  constant and thus increases  t h e  magnitudes 
of negative response as shown i n  Fig. 5. 
The value of p 
When p 
The comparison of various propel lants  (Fig.  5) shows t h e  region of 
p o s i t i v e  response f o r  hydrazine t o  extend over a broader region of dimen- 
s ion le s s  time than f o r  heptane o r  oxygen. Fluorine i s  nearly i d e n t i c a l  
t o  oxygen. This comparison implies t h a t  a combustion process control led 
by hydrazine vaporization would be unstable f o r  a broad range of combus- 
t o r  designs. Ref. 8 ind ica tes ,  however, t h a t  decomposition of hydrazine 
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could e f f e c t  t h e  vaporization process, which would a l s o  e f f e c t  i t s  
dynamic behavior. 
The dynamic response of other  propel lants  f o r  which physical  
p roper t ies  are known or  can be estimated can be evaluated i n  a similar 
manner. The l i n e a r  ana lys i s  provides a convenient method of surveying 
t h e  dynamic response of propel lan ts  and ind ica t e s  t h e  condi t ions i n  
which t h e  more p rec i se  numerical evaluation would be useful .  
STAB1LI'I"I CRITERIA 
The dynamic response of t he  vaporization process does not,  i n  i t se l f ,  
specify combustor s t a b i l i t y .  
complete dynamic ana lys i s  of the  overal l  combustion system. Such c r i t e r i a  
hzve been derived in R e f .  9 f o r  any combustion process t h a t  can be 
character ized by t h e  flowing burning rate expression 
S tab i l i t y  c r i t e r i a  are acquired fram a 
w t  = n[P:(t) - PA(t - TI] (14) 
I n  t h i s  expression, t h e  in te rac t ion  index n and t h e  c h a r a c t e r i s t i c  
time z specify a p a r t i c u l a r  combustion process. The dynamic response 
f o r  t h i s  burning rate expression i s  
N = n ( 1  - cos 20) ( 15) 
A comparison of t h i s  dynamic response with t h a t  of heptane vaporizat ion 
i s  shown i n  Fig. 8. The region of posi t ive response and p a r t i c u l a r l y  
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t h e  peak response are of primary significance i n  es tab l i sh ing  system 
s t a b i l i t y  l i m i t s .  
t i o n  process can be approximated by t h e  burning r a t e  expression (Eq. (14 ) ) .  
For t h e  comparison shown i n  Fig. 8, t he  vaporization process i s  charac- 
t e r i z e d  by n = 1 / 2  %ax and T = 4 . 5  zv. By a similar comparison with 
t h e  co r re l a t ion  of numerical r e s u l t s  shown i n  Figs. 2 and 3, t h e  value 
of z i s  approximated by the  re la t ion  
I n  t h i s  region, the dynamic response of t h e  vaporiza- 
- 
within t h e  range of boundary conditions considered i n  t h e  numerical 
analysis .  The value of n i s  again equal t o  one-half t h e  peak value 
of t h e  response fac tor ,  n u 0.4. I f  t h e  dynamic response of t h e  vapori- 
za t ion  process i s  characterized i n  t h i s  manner, t h e  system s t a b i l i t y  
c r i t e r i a  specif ied i n  terms of n and z are d i r e c t l y  appl icable  t o  a 
vaporizat ion control led burning r a t e .  For g rea t e r  precision, a burning 
r a t e  expression may be postulated t h a t  more c lose ly  approximates t h e  
vaporizat ion process and u t i l i z e s  the method of ana lys i s  of R e f .  9 t o  
e s t a b l i s h  s t a b i l i t y  c r i t e r ion .  
CONCLUDING REMARKS 
The r e s u l t s  of t h i s  study show t h a t  t h e  dynamic response of t h e  
vaporizat ion process can be approximated by a l i n e a r  ana lys i s  t h a t  assumes 
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t h e  vaporization r a t e  t o  be insens i t ive  t o  gas ve loc i ty  per turbat ions.  
The assumption i s  based on t h e  ne t  e f fec t  of ve loc i ty  r a t h e r  than ac tua l  
i n s e n s i t i v i t y  t o  veloci ty ,  i . e . ,  the changes i n  vaporization rate due t o  
per turbat ion i n  ve loc i ty  a r e  the  same a t  high and low pressures  and, 
therefore ,  cancel with regard t o  dynamic response. The assumption 
appears va l id  f o r  any transverse mode i n  t h e  absence of any steady angu- 
lar  o r  r a d i a l  flow within the  cavity. 
and i n  t h e  case of longi tudina l  modes with a x i a l  flow of combustion gases, 
dynamic response i s  not i n sens i t i ve  t o  ve loc i ty  per turbat ions.  The l i n e a r  
ana lys i s  and the  resul ts  of t h e  numerical ana lys i s  do not necessar i ly  
apply t o  such conditions. 
With such steady flow, however, 
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Fig. 1. - Nonlinear response of vaporization 
process (ref. 7). 
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Fig. 2. - Correlation of response factor with vaporization parameters for heptane from 
Ref. 7. Response factors a r e  based on average rather than maximum pressure 
amplitude reported in Ref. 7. 
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Fig. 3. - Correlation of response factor wi th dimensionless time for heptane from Ref. 7. 
Response factors based on average rather than maximum pressure amplitude reported 
in Ref. 7. 
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Fig. 4. - Linear dynamic response of heptane vaporization. 
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Fig. 5. - Dynamic response of various propellants. 
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Fig. 6. - Nonlinear dynamic response of 
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Fig. 7. - Component characteristics of trans- 
fer function for heptane vaporization 
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Fig. 8. - Comparison of heptane vaporization 
with burning rate characterized by n 
and T. 
